In the first part of this paper we focus on the Bernstein property of relative surfaces with complete α-metric. As a corollary, we give a new Bernstein type theorem for affine maximal surface and relative extremal surface. In the second part, we offer a relative simple proof of the Bernstein theorem for the affine Kähler-Ricci flat graph with complete α-metric, which was proved in (Li and Xu in Results Math. 54:329-340, 2009), based on a new observation on α-Ricci curvature.
Introduction
In affine differential geometry, there are two famous conjectures about complete affine maximal surfaces, stated by Calabi and Chern, respectively. Chern assumes that the maximal surface is a convex graph on the whole R  , while Calabi supposes it is complete with respect to the Blaschke metric. Both versions of affine Bernstein problems attracted many mathematicians, and they were solved during the last decade. 
where α is a constant. Obviously, it is a conformal metric to the Blaschke metric (α = ) and the Calabi metric (α = ). In fact, we study more general surfaces satisfying a fourth order 
where β is a constant, and the Laplacian and the norm are defined with respect to the Calabi metric. The first result we obtain is as follows. , f must be a quadratic polynomial.
Remark The restriction on α and β is necessary in Theorem .. Namely, there exist some α and β such that the solutions of the PDE (.) are not unique. For example, the function
which satisfies the PDE (.) with β = -. Its graph is complete with respect to the α =  metric.
In the second part of this paper we study the following PDE: 
Theorem . Let f be a strictly convex C
∞ -function defined on a convex domain ⊂ R n satisfying the PDE (.). Define M := x, f (x) | x n+ = f (x  , . . . , x n ), (x  , . . . , x n ) ∈ .
If α = n +  and M is complete with respect to the α-metric G (α) then M must be an elliptic paraboloid.
Here we shall give it a relative simple proof, and do not need to estimate the relative Pick invariant J based on a new observation on α-Ricci curvature (see (.)).
α-Relative geometry
Let f be a strictly convex C ∞ -function defined on a domain ⊂ R n . Again we write
We consider the Riemannian metric g on M, defined by
which is called the Calabi metric. It is the relative metric with respect to Calabi's normalization Y = (, , . . . , ). For the position vector y = (x  , . . . , x n , f (x  , . . . , x n )) we have
and for the conormal field
Let q be a given function defined on M such that q >  everywhere. Li introduced a relative normalization of graph hypersurface M, given by its conormal vector field U (q) = qU, where q = ρ α . Then there is a unique transversal vector field Y (q) such that 
To simplify, we omit the upper index (q) in (.) and later. From the integrability conditions, the components of the Ricci tensor read
Under the above α-relative normalization,
The α-relative mean curvature is
By (.) and the PDE (.), we have
Proof of Theorem 1.1
In the following we will use the α-metric to do the calculations. That is to say, the norms and the Laplacian operator are defined with respect to the α-metric. Firstly we will estimate . Using the relationship between conformal metrics and Proposition . in [] (see also Proposition .. in []), we can prove the following. 
Proposition . Let f be a strictly convex function satisfying the PDE (.). Then the Laplacian of satisfies the following inequality:
Proof Consider the function
defined on B a (p  ). Obviously, F attains its supremum at some interior point p * . We may assume that s  is a C  -function in a neighborhood of p * , and (p * ) > . Choose an orthonormal frame field on M around p * with respect to the α-metric. Then, at p * ,
where we use the fact
',' denotes the covariant derivative with respect to the α metric. Inserting (.) into (.) we get = (p).
In the case By (.), (.), and (.) we obtain
, by a coordinate transformation we may assume that f ij (p) = δ ij and R ij (p) =  for i = j. Then from (.), using the Schwartz inequality we know that the Ricci curvature Ric(M, G) with respect to the α-metric on B a * (p  ) is bounded from below by
for some positive constant C  , depending only on β and α. By the Laplacian comparison theorem (see [] ), we get
Multiplying both sides of (.) by (a  -s  )  (p * ) we have
In the case
where C  is a positive constant depending only on α and β.
Proof of Theorem . Using Lemma ., at any interior point of B a (p  ), we obtain
For a → ∞ we get
This means that M is an affine complete parabolic hypersphere. We apply a result of Calabi (see [] , p.) and conclude that M must be an elliptic paraboloid. This completes the proof of Theorem ..
Proof of Theorem 1.5
As before, using the relationship between conformal metrics and Proposition . in [], we have the following.
Proposition . Let f be a strictly convex C ∞ -function satisfying the PDE (.). Then the
Laplacian of satisfies the following inequality:
Lemma . Let f be a strictly convex C ∞ -function satisfying the PDE (.). If α = n +  and B a (p  ) is compact, then there exists a constant C >  depending only on n such that
Proof Consider the function where A is defined as before. In the case α = n + , we may choose small enough such that
where C  is a positive constant depending only on α and n.
Using the same method as in the proof of Theorem ., we complete the proof of Theorem ..
